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ABSTRACT 
A Study of the Design of Adaptive Camber Winglets 
Justin Julian Rosescu 
 
 A numerical study was conducted to determine the effect of changing the camber of a 
winglet on the efficiency of a wing in two distinct flight conditions. Camber was altered via a 
simple plain flap deflection in the winglet, which produced a constant camber change over the 
winglet span. Hinge points were located at 20%, 50% and 80% of the chord and the trailing edge 
was deflected between -5° and +5°. Analysis was performed using a combination of three-
dimensional vortex lattice method and two-dimensional panel method to obtain aerodynamic forces 
for the entire wing, based on different winglet camber configurations. This method was validated 
against high-fidelity steady Reynolds Averaged Navier-Stokes simulations to determine the 
accuracy of these methods. It was determined that any winglet flap deflections increased induced 
drag and parasitic drag, thus decreasing efficiency for steady level flight conditions. Positive 
winglet flap deflection at higher lift conditions may increase efficiency, but the validity of the 
vortex lattice method results for these conditions are dubious. A high-fidelity method should be 
used for the high lift condition to obtain accurate efficiency data.
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NOMENCLATURE 
CD Drag Coefficient 
Cd Airfoil Drag Coefficient 
CL Lift Coefficient 
Cl Airfoil Lift Coefficient 
D Drag 
Di Induced Drag 
E Efficiency 
F Force 
L Lift 
N Amplification Factor Threshold 
Re Reynolds Number 
S Wing Area 
b Wingspan 
c Chord Length 
g Load Factor 
k, Tke Turbulent Kinetic Energy 
kg Kilogram 
m Meter 
nf Force Direction Vector 
s Second 
u⸼ Freestream Velocity 
v Velocity in y-direction 
w Velocity in z-direction 
α Angle of Attack 
xi 
 
δ Percentual 
ε, Tdr Turbulent Dissipation Rate 
ν Kinematic Viscosity 
ρ∞ Freestream Air Density 
σ Boundary Layer Thickness 
θ Momentum Thickness 
1 
 
Chapter 1 
INTRODUCTION 
 
 Winglets are vertical extensions attached to the wing tips of aircraft that are typically used 
to reduce drag at lifting conditions. This leads to an increase in span-wise efficiency compared to 
a wing with no winglets, but as a tradeoff, they always increase the parasitic drag of the wing. 
Winglets seem to be advantageous for high-lift conditions like climbing and turning, however, they 
may decrease efficiency for lower-lift conditions like high speed dash [1], as a result of the winglets’ 
separate effect on the lift-induced drag and parasitic drag of the wing. 
1.1 Effect of Winglets on Induced Drag 
 Induced drag is the drag due to the lift generated by a finite wing. As shown in Figure 1.1, 
on a specific section of a finite wing at a given angle of attack, the resultant lift vector of an airfoil 
has a component in the freestream direction. This effect is due to the fact that a finite wing has a 
wingtip vortex, which induce downward momentum αi along the span, lowering the wing’s 
effective angle of attack αeff. Since the total lift of the wing should be measured, by definition, 
perpendicular to the incoming flow, all these streamwise components should sum to the drag force, 
in this case, the induced drag. Winglets counter this by reducing the strength of the wingtip vortex, 
which reduces the induced drag. 
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Figure 1.1: Illustration of Induced Drag 
 Induced drag is proportional to the square of the lift produced by the wing. At higher lift 
conditions like climbing and turning, the induced drag is substantial. Winglets’ effectiveness at 
reducing this induced drag is more noticeable for these conditions. However, at lower lift conditions 
like cruise, there is less lift being produced and therefore less induced drag, diminishing the 
performance gains of winglets.  
1.2 Effect of Winglets on Parasitic Drag 
 Parasitic drag for wings refers drag due to the predominantly viscous forces, where the 
more surface area that is exposed to fluid flow, the more parasitic drag is produced. Since winglets 
increase the wetted area of wings, they will produce more parasitic drag compared to a wing without 
winglets. Although winglets produce slightly less induced drag at low lift conditions, this does not 
account for their comparatively larger increase in parasitic drag, which is why winglets are less 
efficient at these conditions. 
1.3 Effect of Camber  
 Changing the camber of an airfoil will change its zero-lift angle of attack α0 such that a 
cambered airfoil can produce the same amount of lift, but at a smaller angle of attack compared to 
an airfoil with less camber, as shown in Figure 1.2. As shown in Figure 1.3, drag has a roughly 
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parabolic relation with increasing angle of attack, so a cambered airfoil should be able to produce 
less drag for a given amount of lift since it needs a lower angle of attack to produce this lift. 
 
Figure 1.2: Effect of Camber on Zero-lift Angle 
 
Figure 1.3: Parabolic Drag Polar 
 Decreasing winglet camber at high speeds should decrease the amount of lift produced by 
the winglet, such that it should be at minimum drag conditions and thus have the effect of 
minimizing drag due to the winglets. At lower speeds and higher lift conditions, increasing winglet 
camber should increase the lift produced by the winglet, spreading the lift distribution of the wing 
towards the wingtip. This enables the wing to fly at a lower angle of attack since the winglets take 
more of the lifting load, which should reduce the drag of the main wing. 
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1.4 Project Objective 
 The objective of this thesis is to determine the effect of a variable-camber winglets on its 
overall efficiency, when applied to an Extra Edge 540 acrobatic race aircraft, seen in Figure 1.4 [2]. 
In this particular case, the goal is to minimize drag in two distinct flight conditions: i) a high lift 
condition based on an 8g turn at 200 knots and ii) low lift condition based on steady level flight at 
200 knots. The geometry is a trapezoidal wing with winglets that were, originally, designed to 
minimize induced drag at high lift conditions and minimize parasitic drag at low lift conditions, 
and thus minimize race times for typical circuits. To achieve this goal, numerical analysis was 
performed on the three-dimensional CAD model of this wing. Camber changes to the winglet were 
made by introducing a simple plain flap at different locations along the chord of the winglet. Two 
numerical analysis techniques were used: i) a low-fidelity vortex lattice method (VLM) that 
allowed easy manipulation of winglet camber, but required separate calculation of induced and 
parasitic drag, and ii) a high-fidelity Reynolds Averaged Navier-Stokes method that calculated all 
aerodynamic forces within the same software suite but required use of computer aided design 
(CAD) to make camber changes. 
 
Figure 1.4: Extra Edge 540 Aircraft
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Chapter 2 
LITERATURE REVIEW 
 
2.1 Winglet Analysis and Simulation 
Winglet may be analyzed experimentally to obtain realistic aerodynamic forces. Through 
wind tunnel testing, it was discovered that winglets can provide the same increase in efficiency as 
horizontal wing extensions [3]. In addition, it has been shown that winglets increase the spanwise 
loading of an aircraft’s wing, as shown in Figure 2.1 [4]. This conclusion is the basis from which 
winglets are implemented on aircraft that need an increase in efficiency for high lift conditions.  
 
Figure 2.1: Effect of Winglet on Spanwise Lift Distribution 
While wind tunnel and flight tests may be a robust way for obtaining accurate performance 
predictions for winglet configurations, the process for manufacturing the test articles and 
performing these tests are costly and require much time to accomplish. Compared to experimental 
testing, numerical analysis in the form of VLM and RANS provide a relatively cheaper and quicker 
alternative. VLM can be used to quickly analyze the aerodynamic forces of a multitude of winglet 
configurations, allowing easy alteration to winglet span, dihedral angle, sweep, and taper ratio to 
find an optimal design for a specific flight condition [5].  
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VLM is a low-fidelity method that is mainly used in preliminary design to calculate 
induced drag of a wing through use of integrating the radial velocity of a far-field Trefftz plane, of 
which the methodology will be explained in Chapter 3. It should be noted that VLM cannot 
calculate parasitic drag or interference drag due to complex model geometry. Other methods should 
be used to obtain these forces for preliminary design [6], but a more robust method like RANS that 
calculates all of these forces should be used to obtain accurate performance predictions [7,8].  
2.2 Morphing Wing 
Recently, the use of morphing wings and adaptive geometry has gained the interest of 
researchers as an alternative to optimize a flying vehicle for different flight conditions. Research 
has already been done on the feasibility of different physical actuation systems and materials by 
using finite element analysis and experimental testing to determine stresses seen in the physical 
configuration of a morphing wing or winglet [9, 10] showing promise for future implementation of 
these technologies in aircraft. These studies in product development enables other researchers to 
develop an optimal design for a wing shape based on more than one flight condition, since 
mechanisms for changing the shape between two or more configurations is being researched in 
tandem. 
Numerical analysis through use of VLM and RANS has shown that a wing shape that has 
been designed to be most efficient for one flight condition can increase efficiency for other flight 
conditions through use of adaptive wing twist [11] and wing camber changes localized to the 
trailing edge of the wing [12]. This latter example is important since it proved that only optimizing 
the shape of the trailing edge of a wing can produce a similar gain in efficiency to a wing whose 
full planform shape has been optimized. This serves as the basis for changing the camber of a 
winglet to increase efficiency by only deflecting a trailing edge flap, as opposed to altering the 
leading-edge shape or twist angle. 
 
 
7 
 
2.3 Adjustable Camber Winglets 
 With the research being done on creating adaptive geometry to optimize wing shapes for 
different flight conditions, some of these concepts carried over to determine the effect of changing 
the camber for winglets based on different flight conditions. However, early attempts at researching 
the effects of winglet camber were not promising, as researchers have found through wind tunnel 
experiments that any adjustment in winglet camber by using a simple plain flap at low lift flight 
conditions decreased efficiency over an otherwise optimized winglet [13]. The researchers admitted 
to limitations in their methodology as only the wing tip with winglet was tested as opposed to a full 
wing, so there still remains room for further analysis. A more recent study has modeled a full 
aircraft with adaptive camber winglets using computational fluid dynamics (CFD) and came to the 
same conclusion, however this study used winglet flap extensions at the trailing edge as opposed 
to changing the camber of a preexisting winglet [14]. While this result agrees with the notion that 
changing camber is detrimental to wing performance, the methodology and model setup introduced 
another variable in the form of winglet extension size that may adversely affect results compared 
to a winglet with unaltered size. 
 A promising foundation for using adaptive camber to optimize a winglet for different flight 
conditions came in the form of a numerical study using a full potential equation solver coupled 
with three-dimensional boundary layer modelling to determine the effects of changing winglet 
camber to improve efficiency of a mission-optimized winglet [15]. This study found that through 
changing the leading and trailing edge geometry of the winglet, up to a 0.58% reduction in drag 
may be obtained for a flight condition of which original winglet was not optimized. While this 
study made use of both the leading and trailing edge to adjust winglet camber, the previous study 
that showed that a trailing edge morphing wing can produce a similar efficiency gain as a full-body 
morphing system provides the basis from which a simpler plain flap adaptive camber winglet can 
produce these performance gains. 
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Chapter 3 
METHODOLOGY 
 
Two methods were used to determine the aerodynamic characteristics of winglet 
performance for this study. The first stage involved the use of a low-fidelity three-dimensional 
vortex lattice method (VLM) to determine winglet’s camber effects on lift and drag for the entire 
wing. This method focused on analyzing the aerodynamic characteristics of multiple winglet 
camber configurations. The second method used steady Reynolds Averaged Navier-Stokes 
(RANS) simulations to model the air flow in a discretized domain and obtain aerodynamic forces 
via the pressure and shear stresses caused by the flow on the wing’s surface. Compared to VLM, 
RANS is more computationally expensive.  
While RANS can generate a solution to the flow field over a body that is more accurate to 
reality than VLM, the computation time needed to simulate all the winglet configurations would 
significantly extend the timeline of this study [16]. If it can be proven that a lower-fidelity and 
computationally cheaper method like VLM can provide results as accurate as this high-fidelity 
computationally expensive method like RANS, then this lower-fidelity method can be used to 
design and analyze these winglets.  
3.1 Description of Geometry 
The geometry being used for this experiment is based on the wing for the Edge 540 
acrobatic race plane. Figure 3.1a shows the starting geometry, complete with outlines for control 
surfaces. This is a simple trapezoidal wing with a symmetrical airfoil shape throughout the 
wingspan, and cambered airfoils for the winglets with geometric twist between the base and top of 
the winglet. The locations of these airfoils are shown in Figures 3.1b and 3.1c, and their shape are 
described in Figures 3.2a and 3.2b. 
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Figure 3.1a: Initial Geometry with Winglets 
 
Figure 3.1b: Wing Planform View 
 
Figure 3.1c: Winglet View 
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Figure 3.2a: Wing Airfoils Figure 3.2b: Winglet Airfoils 
To analyze this wing using VLM, the wing needs to be discretized into horseshoe vortex 
strips. Each line in Figure 3.3 represents a line vortex, all of which are connected to form a lattice 
of vortices. Vortex strips were spaced uniformly across the span of the main wing, as this leads to 
more accurate results than nonuniform spacing [18] The vortex strips that constitute the winglets 
followed a co-sinusoidal spacing, with larger spacing at the bottom of the winglets and closer 
spacing near the tip of the winglets [19] Chordwise spacing followed a cosine distribution, with 
closer spacing of vortex strips near the leading edge and trailing edge of the wing. This type of 
spacing allows calculations to converge more rapidly and with more accuracy than a uniform 
spacing scheme [20]. Wing sections were specified at the root, tip, winglet base, and winglet top; 
the number of vortices and their spacing between these sections were altered to find an appropriate 
number of panels that produced the most accurate results, as shown later in the VLM convergence 
study. To allow easy manipulation of the amount of vortex strips that constitute the wing, 
simplifications were done to the base geometry. The rectangular area at the root of the wing was 
removed to allow uniform distribution of vortex strips between the wing root and wing tip. The 
curvature of the wing tip was replaced by straight lines to easily define the number of vortices 
between the wing tip and the base of the winglet. 
11 
 
 
Figure 3.3: Vortex Lattice Model 
3.2 Determination of Flight Conditions 
For this study, lift and drag characteristics of winglet camber configurations were analyzed 
for different flight conditions. Winglets tend to be detrimental at lower lift conditions like steady 
level flight since induced drag is not significant at this flight condition; any decrease in induced 
drag here due to the winglets’ effect on the wingtip vortex does not account for the increase in 
parasitic drag due to the wetted area of the winglets. This study aims to determine if changing 
winglet camber can reduce the parasitic or induced drag enough to show a noticeable decrease in 
total drag. 
The two flight conditions tested represent two separate flight regimes that an aerobatic race 
aircraft is likely to fly: steady level flight at 200 knots and an 8g turn at 200 knots. Table 3.1 below 
lists the flight conditions used for all VLM tests. The reference area is based on the planform 
projection of the wing with winglets and was kept constant for all tests. Reference chord is based 
on the mean aerodynamic chord of the wing and was also kept constant. Standard atmosphere at 
sea level was assumed for simplicity; 200 knots converts to 102 m/s, which is Mach 0.297 at sea 
level. The threshold for compressibility effects to become noticeable is Mach 0.3; since this speed 
is less than this threshold, air density was kept constant at the standard atmosphere value at sea 
level. The value for mass specified here refers to the aerobatic weight for Red Bull Air Racers and 
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was needed in order to determine how much lift was necessary to produce steady level flight, and 
the 8g load factor for the turning condition. 
Table 3.1: Flight Conditions for Steady Level Flight and 8g Turn 
Steady Level Flight, 200 Knots 
Airspeed 102 m/s 
Mass 700 kg 
Target CL 0.1191 
Air Density 1.225 kg/m3 
Reference Area 9.04 m2 
Reference Chord 1.213 m 
 
8g Turn, 200 Knots 
Airspeed 102 m/s 
Mass 700 kg 
Target CL 0.9634 
Air Density 1.225 kg/m3 
Reference Area 9.04 m2 
Reference Chord 1.213 m 
 
 
For each flight condition, a target lift coefficient was used to match all winglet 
configurations instead of an angle of attack because changing the winglet camber alters the lift 
produced for a given angle of attack. This means that for a given amount a lift, the angle of attack 
required to produce this lift will be different based on the winglet camber. To ensure that the 
comparison for each winglet configuration is based on the lift required for each flight condition, 
lift was set to be constant and angle of attack was allowed to vary. 
3.3 VLM Analysis 
VLM is a method that is best suited for aerodynamic configurations that consist of thin 
lifting surfaces at small angles of attack [17]. This method was used to calculate lift and lift-induced 
drag based on the vorticity measured in the far-field Trefftz plane. Since the method only uses thin 
surfaces, it neglects viscous effects due to airfoil thickness. However, it is necessary to include 
effects of viscosity on the total forces and moments acting on a wing since total drag is the 
summation of viscous drag and induced drag. 
3.3.1 Calculation of Aerodynamic Forces for VLM 
In order to calculate viscous properties of a wing, a two-dimensional panel method was 
used. This panel method calculated aerodynamic characteristics for the airfoil sections that 
constitute the two-dimensional cross sections of the wing, based on the coupling of inviscid 
potential flow equations and boundary layer calculations. For this study, the open-source software 
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XFLR5 was used to conduct batch analysis of airfoil sections that constitute the wing used in this 
study. XFLR5 is based on the XFOIL program, which is used to conduct two-dimensional panel 
method analysis. XFLR5 uses a high-order panel method combined with fully coupled 
viscous/inviscid interaction to obtain aerodynamic properties of airfoils at user-specified conditions. 
Through the interaction of incompressible potential flow and boundary layer formation equations, 
parasitic drag for an airfoil can be calculated. These calculations were performed for airfoils that 
constitute the root and tip of the wing, as well as the base and the top of the winglet [19]. For 
intermediate wing sections between the wing root and tip, viscous drag is interpolated based on the 
local wing lift [20]. 
XFLR5 uses the eN method to predict boundary layer transition for steady two-dimensional 
flows, based on linear stability theory [21]. For this method, transition occurs when the local 
instability amplification rate based on velocity profile exceeds a certain threshold N, which is 
typically set between 7 and 9 [22]. In addition, XFLR5 allows users to set a forced transition 
location along the chord of an airfoil. Transition may occur when the Reynolds number based on 
momentum thickness exceeds the transition criterion as shown below in equations 1 and 2 [23]. For 
a freestream airspeed of 102 m/s, transition occurs at 0.07 m along the chord, as shown in Figure 
3.4. This was set to be forced transition location for all airfoils along the span of the wing, including 
the winglets as shown in Figure 3.5. 
Momentum Thickness: 𝜃 =
0.73𝑥
√𝑅𝑒𝑥
 1 
Transition Criterion: 𝑅𝑒𝜃 > 1.174 (1 +
22,400
𝑅𝑒𝑥
) 𝑅𝑒𝑥
0.46 2 
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Figure 3.4: Transition Criterion 
 
Figure 3.5: Location of Forced Transition on the Wing 
Once the parasitic drag has been obtained for a given flight condition, VLM was used to 
determine the induced drag for that same flight condition. For this study, Athena Vortex Lattice 
(AVL) was used to conduct VLM analysis of the entire three-dimensional wing. AVL was widely 
used to conduct similar analysis on lifting bodies. AVL uses thin airfoil theory to determine the lift 
slope of the two-dimensional wing sections that constitute the wing. These sections are modeled to 
have the same shape as the camber line of the airfoil for those sections. Thin airfoil theory relates 
angle of attack to lift for incompressible and inviscid flows; because of these assumptions, thin 
airfoil theory cannot be used to calculate parasitic drag, which is a measure of viscous forces [24]. 
Therefore, VLM can only calculate lift and induced drag. Combining the parasitic drag calculated 
in XFLR5 with the induced drag calculated in AVL produces total drag for a given flight condition. 
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It should be noted that thin airfoil theory assumes a linear relation of lift to angle of attack since 
this method calculates lift based on inviscid theory. As such, this method cannot accurately predict 
stall, which occurs at high angles of attack due to boundary layer separation. This also means that 
the lift produced around the stall angle cannot be accurately calculated with this method, so the 
accuracy results from tests at higher angles of attack are dubious. 
As mentioned before, VLM uses thin airfoil theory to determine the local lift slope of airfoil 
sections on a wing. Thin airfoil theory assumes the lift curve slope is 2π; this is true for all airfoils 
using this theory. However, increasing the airfoil’s camber lowers its zero-lift angle of attack. This 
means that for a given angle of attack, a cambered airfoil should produce higher lift. VLM 
determines the effective angle of attack for each spanwise section of the wing and relates this to 
each section’s individual lift curve described by its camber. Based on this, the lift for each section 
can be calculated [25]. Integrating the sectional lift over the entire wingspan produces total lift for 
the wing, as shown in equation 3. L represents total lift and L’ is the lift due to each wing section 
based on its spanwise position on the wing, y. 
Total Lift Calculation: 𝐿 = ∫ 𝐿′(𝑦)𝑑𝑦
𝑏 2⁄
−𝑏 2⁄
 3 
The method by which induced drag is calculated in VLM involves the integration of the 
Trefftz plane. The Trefftz plane is a plane placed downstream of a wing in a flow field, 
perpendicular to the freestream. Wingtip vortices induce flow velocities normal to the freestream, 
which appear as a region of circular flow in the Trefftz plane. Induced drag for inviscid, 
incompressible flow over a finite-span wing can be obtained from the integration of these velocities 
as shown in equation 4. Assuming the freestream flow is oriented along the x-axis in standard 
cartesian coordinates, v and w represent the normal velocities to the freestream along the y and z-
axes respectively [25]. 
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Induced Drag Calculation: 𝐷𝑖 =
1
2
𝜌∞ ∬(𝑣
2 + 𝑤2)𝑑𝑦𝑑𝑧
 
𝑆
 4 
In order to determine how much lift was needed for the high and low g conditions, the base 
wing with unaltered winglet camber was tested in AVL using the flight parameters from Table 3.1. 
The result produced an angle of attack that was necessary for the wing to produce enough lift to fly 
at each condition. The wing was then tested in XFLR5 to obtain the total parasitic drag for this 
angle of attack. This result for total parasitic drag from XFLR5 was then input into AVL to calculate 
the total drag for this configuration, based on the combination of the parasitic drag calculated in 
XFLR5 and the induced drag calculated in AVL. Every winglet camber configuration from this 
point on used this same method for obtaining parasitic, induced, and total drag, while making sure 
to match the values for required lift found here with the base wing.  
3.3.2 Cambered Winglet Analysis 
In order to analyze the effects of winglet configuration, the lift and drag characteristics 
were determined for a combination of winglet hinge location along the chord of the winglet and 
flap deflection. The hinge was located on the existing winglet chord to ensure that the size of the 
winglet did not change and was set to 80%, 50%, and 20% of the winglet chord where the 80% 
chord hinge is closest to the trailing edge and 20% is closest to the leading edge of the winglet. 
These values were chosen initially since they represent a wide range of locations across the winglet 
chord. Winglet flap deflection was originally set to be 0°, ±2°, ±3°, and ±5° to provide a narrow 
range of deflections from which trends in efficiency due to flap deflection can be observed. Figure 
3.6 shows the convention used for hinge location and flap deflection for the winglet airfoil, where 
positive deflections increase the camber curvature and negative deflections decrease camber 
curvature. 
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Figure 3.6: Winglet Configuration Convention 
Based on initial analysis of the changes in total drag on the wing based on winglet 
configuration, the actual difference in drag was too small to be compared directly. To better 
understand the effect of winglet configuration on wing total drag, the winglet configurations were 
compared in terms of a percentual to the winglet with no flap deflection. Lift and drag was 
normalized into coefficient of lift (CL) and coefficient of drag (CD) and was dependent on the wing 
angle of attack and winglet configuration. Since parasitic and induced drag were calculated using 
separate methods, they were compared separate to each other for each winglet configuration. The 
other main point of comparison between the configuration is the wing efficiency, which is the ratio 
of the lift the wing produced divided by the drag it produced and is shown below by equation 5. 
Equation 6 shows the method used for obtaining the percentual in efficiency for each winglet 
configuration, showing the relative improvement or diminishment of efficiency for each 
configuration compared to the base winglet performance. 
Efficiency: 𝐸 =  
𝐶𝐿
𝐶𝐷
 5 
Efficiency Percentual: 𝛿𝐸𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑐𝑦 = 100 ×
𝐸𝐶𝑎𝑚𝑏𝑒𝑟 −  𝐸𝑁𝑜 𝐶𝑎𝑚𝑏𝑒𝑟
𝐸𝑁𝑜 𝐶𝑎𝑚𝑏𝑒𝑟
 6 
In addition to efficiency analysis for the two flight conditions, the total lift, total drag, 
induced drag, and parasitic drag forces were analyzed over a wide range of CL for two different 
winglet configurations in order to observe the overall effect that these winglet configurations have 
compared to a winglet with no flap deflection. Based on the results for the efficiency analysis at 
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the two flight conditions, the 50% hinge location at +5° and -5° deflection winglet configurations 
were chosen because of their noticeable effect on wing efficiency and ease of convergence in VLM 
and the two-dimensional panel method. 
3.3.3 Panel Method Convergence Study 
Before testing winglet camber configurations, convergence studies were conducted for the 
two-dimensional panel method to find the least amount of panels necessary to model the wing’s 
airfoils, without adversely affecting results based on numerical discretization of the airfoil. The 
panel method convergence study was carried out in XFLR5, using the airfoil from the root of the 
wing. This study was conducted at 102 m/s, which corresponds to 200 knots, the speed at which all 
future tests for this wing were conducted. Since the airfoil was symmetric, the angle of attack was 
set to 5° to provide a non-zero value for lift from which changes to lift coefficient may be observed 
based on total number of panels. In addition to lift, drag was also observed based on total numbers 
of panels. These panels were refined closer to the leading and trailing edge to better resolve the 
curvature and pressure distribution over these areas, as shown in Figure 3.7. The trailing edge was 
extended to produce a sharp point to satisfy the Kutta condition for the panel method [26]. 
 
Figure 3.7: Distribution of Airfoil Panels 
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For convergence studies, the equations 7 and 8 were used for calculating the percentual for 
lift and drag based on increasing levels of refinement. Since there is no base set of data from which 
to calculate deviation for this airfoil, the percent difference for each refinement level was calculated 
based on their deviation from the previous total panel amount: Cl current and Cd current refers to the lift 
and drag for the current level of refinement being analyzed and Cl previous and Cd previous refer to the 
lift and drag from the previous level of refinement. The condition for convergence was a total panel 
amount that produced minimal change compared to its preceding panel amount.  
Lift Coefficient Percentual: 𝛿𝐶 𝑙 = |100 ×
𝐶𝑙𝑐𝑢𝑟𝑟𝑒𝑛𝑡 − 𝐶𝑙𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠
𝐶𝑙𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠
| 7 
Drag Coefficient Percentual: 𝛿𝐶 𝑑 = |100 ×
𝐶𝑑𝑐𝑢𝑟𝑟𝑒𝑛𝑡 −  𝐶𝑑𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠
𝐶𝑑𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠
| 8 
Figure 3.8 shows the results for airfoil Cl versus number of panels, where the refinement 
level showed the same variation in Cl and Cd past 125 panels. This means that using any more than 
125 panels for the airfoil will not significantly reduce the difference in the aerodynamic forces 
calculated by this method due to panel resolution. As such, 125 panels may be used for this study. 
 
Figure 3.8: Panel Method Convergence Study 
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3.3.4 Vortex Lattice Method Convergence Study 
Since VLM models a wing with horseshoe vortex strips in three-dimensional space, a 
different discretization method than what was used in the two-dimensional panel method needed to 
be used. For the main wing used in this study, only the wing root and tip locations, size, and airfoil 
shape were defined. Between these sections, AVL interpolated intermediate wing sections and their 
airfoil camber. The user determines the total number of interpolated sections and their distribution 
scheme between each defined wing section, as well as the total number of chordwise vortex strips 
and their distribution. 
The spanwise distribution for this study was conducted first and used the same speed and 
angle of attack as the panel method. Spanwise sections were defined for a half-span of the wing, 
such that the total number of sections that were used to model the wing were double the amount 
listed here since the wing needed to be mirrored at the root to produce a full span. To ensure 
consistency with the results, the number of chordwise vortices was set to 50, which was the 
maximum number of chordwise points allowed by AVL. Like the panel method convergence study, 
relative changes in lift and drag for the entire wing was compared between the total number of wing 
sections, where the least amount of change between 2 sequential settings determined convergence.  
Figure 3.9 shows that the relative change in lift between any 2 refinement levels was below 
0.1%, with error being as small as 0.002% at 52 wing sections. AVL has a maximum limit of 6000 
vortices to model any given geometry, and at 52 wing sections most of these vortices are being 
used to model just the wing.[12] As such, fewer than 52 sections needed to be used in order to have 
enough vortices to model the winglets later on. Compared to lift, wing drag exhibited larger error 
with increasing number of wing sections. The reason there was more change as the number of wing 
sections increased was because these sections are modeled as vortices with a singularity at the 
centerline defined by the exact locations of these sections. As the number of wing sections increased, 
these sections were spaced closer together, leading to more interaction between neighboring vortex 
singularities. This interaction caused variations in the resulting wingtip vortex, from which induced 
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drag was calculated, leading to variations in drag. As such, it was necessary to avoid a total number 
of wing sections that produce too small of a spacing between sections, so 32 wing sections were 
chosen as a compromise between obtaining accurate lift calculations and avoiding small spacings 
that can affect drag calculations. 
 
Figure 3.9: VLM Spanwise Wing Convergence 
After the conclusion of the spanwise convergence study, a chordwise convergence study 
was conducted to minimize the total number of vortices used in these calculations. For this 
convergence study, the number of spanwise sections was kept at 32 while the total number of 
chordwise points for each section was varied. As shown in Figure 3.10, there was little variation in 
lift with number of chordwise vortices with most refinement levels producing less than 1% 
difference from each other. It should be noted that 30 vortices produced the least amount of change 
for this study with an error of less than 0.01%. Since 30 points produced the smallest change in lift 
as well, this was used as the total number of chordwise points for all VLM models for the main 
wing. 
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Figure 3.10: VLM Chordwise Wing Convergence 
A separate spanwise convergence study was conducted for the winglets, using the same 
speed and angle of attack that was used in the main wing test. The base wing modeled for this 
convergence test had 30 chordwise points and 32 spanwise sections, and in order to keep 
consistency with the main wing, 30 chordwise points were used for the winglets. Compared to the 
main wing, the winglets produced error of similar magnitudes for both lift and drag, as shown 
below in Figure 3.11. 16 sections for the winglet produced the least amount of error for drag at 
0.2%, but the number of winglet sections can be reduced to as little as 8 sections and still not result 
in error above 0.4%. Although 16 sections would be ideal based on this study, the limiting factor 
for number of winglet sections was tied to the how XFLR5 calculated parasitic drag for interpolated 
airfoils. XFLR5 has a three-dimensional VLM suite to interpolate parasitic drag for the 
intermediate sections between the base and top of the winglet, but has difficulty interpolating 
viscous drag data if the wing sections are too close together, specifically at higher angles of attack 
where the two-dimensional panel method ceases to converge. The interpolated airfoils on the 
winglet may produce lift conditions outside of the converged flight envelope for the defined airfoil 
sections, but it was found that reducing the total number of wing sections can get rid of these 
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problematic sections. As long as the final number of winglet sections was between 8 and 16, the 
error due to winglet discretization should remain below 0.4%. For this wing setup, 10 winglet 
sections were the maximum number that allowed for convergence at all angles of attack tested. 
 
Figure 3.11: VLM Spanwise Winglet Convergence 
In summary, 200 panels were used to model all airfoils for two-dimensional aerodynamic 
analysis in XFLR5. The VLM model consisted of 32 wing sections and 10 winglet sections, with 
each section having 30 chordwise points. 
3.4 RANS Analysis 
In order to determine the validity of the AVL and XFLR5 results, aerodynamic forces were 
calculated using steady RANS. RANS is a numerical computation method used for calculating 
aerodynamic forces like lift and drag of a geometry moving through a fluid, but instead of modeling 
the geometry with vortex sheets or panels like VLM, RANS aims to solve the Navier-Stokes 
equations through fluid domain discretization and three-dimensional flow modelling. Instead of 
using a Trefftz plane and potential flow equations with viscous integration to solve for induced 
drag and parasitic drag separately, RANS calculates total lift and total drag through the integration 
of shear and pressure forces acting on the surface of an object in a flow field. The program used 
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for these simulations was Simcenter STAR CCM+, a computational fluid dynamics software 
owned by Siemens Industry Software Inc. 
3.4.1 Description of RANS Geometry 
Models in RANS simulations are simplified in order to resolve the airflow around a wing 
in a reasonable amount of time. The model used in these RANS simulations maintains the 
simplified trapezoidal wingspan as seen in the VLM results to maintain consistency between major 
model components. However, the wingtips in the RANS model must include smooth transitions 
between wing sections since sharp chord breaks may have adverse effects on the flow field. 
Therefore, this geometry should mimic what the wing would look like in reality, and thus produce 
similar results to the actual wing. For these simulations, all parts of the wing were modeled as no-
slip walls, which allowed a boundary layer to form on the surface of the wing and enabled 
calculation of shear stresses tangential to the wing surface. 
Figure 3.12 shows the fluid domain that was modeled around the wing geometry. Since the 
wing is symmetric, only half of the wing and fluid domain was modelled with a symmetry plane 
placed at the root of the wing. This reduces the number of cells needed to model the domain by one 
half, greatly reducing the computational cost of these simulations. A velocity inlet was initially 
placed 100 chord lengths to the front of the wing geometry, with a constant 102 m/s freestream 
towards the wing. A half-hemisphere was used to model the inlet to reduce mesh size. Since the 
velocity vector was set to a specified direction, the curvature of the inlet did not affect flow direction. 
All other domain boundaries were initially placed 100 chord lengths away from the wing and were 
set to be pressure outlets, allowing mass flow out of and backflow into the domain. Backflow 
coming from turbulent structures is extrapolated based on the flow direction of the interior of the 
domain, which allows mass to leave the domain from all directions, except for the inlet boundary. 
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Figure 3.12: RANS Domain, c = 1.6m Root Chord Length 
3.4.2 Calculation of Aerodynamic Forces for RANS 
Equation 9 shows how aerodynamic forces in RANS are calculated based on the pressure 
and shear stresses acting on a body in the flow field [27]. f refers to a surface immersed in a flow 
field and nf is a user-specified direction vector. If nf is specified along the axis of freestream flow, 
then total drag will be calculated. Likewise, if nf is specified perpendicular to the freestream, lift 
will be calculated. 
RANS Force Calculation: 𝐹 =  ∑(𝐹𝑓
𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 + 𝐹𝑓
𝑠ℎ𝑒𝑎𝑟) ∙ 𝑛𝑓
𝑓
 9 
In order to compare the accuracy of VLM induced drag calculations, induced drag needed 
to be calculated in RANS as well. The method for obtaining induced drag in RANS simulations is 
by integrating the velocity field in a plane behind this object using equation 4, similar to how Trefftz 
plane integration is used to obtain induced drag in VLM. The Trefftz plane in VLM is set to capture 
the far-field flow effects for inviscid flow, but RANS simulations implement turbulence models 
that present viscous forces into the flow field, which has the effect of dissipating the wake after a 
certain distance. As shown in Figure 3.13, calculated induced drag approaches a converged value 
when the Trefftz plane is placed 5 meters behind the wing, while any placement closer to the wing 
would produce higher estimations for induced drag. Parasitic drag was obtained by subtracting the 
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induced drag calculated by wake integration from the total drag calculated by surface pressure and 
shear stresses. 
 
Figure 3.13: RANS Induced Drag Versus Trefftz Plane Location 
3.4.3 RANS Flow Characteristics 
Table 3.2 shows the continuum and reference values used in the simulation, which reflect 
the flow conditions used in the VLM simulations to maintain consistency between these two 
methods. The Realizable k-Ɛ turbulence model was used for its robustness and ease of convergence 
compared to other turbulence models 
Table 3.2: Continuum and Reference Settings 
Field: Value: 
Freestream Velocity 102 m/s 
Air Density 1.225 kg/m3 
Air Kinematic Viscosity 1.855e-5 Pa-s 
Turbulence Model Realizable k-Ɛ 
Reference Area 4.52 m2 
Reference Chord 1.61 m 
Angle of Attack 0° 
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3.4.4 RANS Mesh Convergence Study 
RANS simulations operate by discretizing a fluid domain into finite-volume cells, from 
which fluid properties like velocity and pressure are calculated. Sufficiently modelling a geometry 
in a fluid flow may require millions of cells from which millions of calculations are made, requiring 
significantly more processing power than VLM or other lower-fidelity methods. In order to 
minimize the processing power required to simulate the flow and therefore reduce run times, a 
mesh refinement study must be conducted to determine the smallest mesh size that produces the 
most accurate results. A grid-independence study was conducted in parallel to the domain size 
study to determine the effect of core mesh cell size on the convergence of the simulations, and 
additional levels of refinement were added later for cases where a simulation initially diverged with 
the base settings. 
Table 3.3 lists the mesh settings held constant throughout the domain study. Base size of 
the cells was initially set to 5 meters and was used to model the far field domain cells that would 
not be experiencing any flow effects from the wing. On the wing and winglet, the target size was 
set to 0.1% of the base size and the surface curvature was set to 720 points per circle: to allow 
accurate modelling of the curvature of the wing while maintaining consistent cell aspect ratio. The 
domain target size was set to 1,000% of base in order to enforce larger cells at the domain 
boundaries and reduce the total number of cells in the domain; since these areas are so far away 
from the wing, they should be seeing minimal effects and thus do not need a fine mesh to resolve 
the flow. 
Table 3.3: Mesh Settings 
Field: Value: 
Base Size 5 m 
Surface Curvature 720 points/circle 
Prism Layer Total Thickness 0.03 m 
First-cell Height 4.103e-6 m 
Total Number of Prism Layers 20 
Wing Target Size 0.1% 
Winglet Target Size 0.1% 
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Figure 3.14 shows the aspect ratio of the base mesh near the wing. The reason the wing 
surface has low aspect ratio is because the prism layer first cell height is 4.0e-6 meters, compared 
to its width of 5.0e-3 meters. This is acceptable because the wall velocity for viscous flow is 0 m/s, 
which means that there is no flow movement that needs to be resolved on the wing surface. There 
is very little change in the boundary layer velocity profile along the chord or span of an object, 
which means that cells in the boundary layer can be much wider and longer than they are tall. 
However, the boundary layer velocity profile changes significantly normal to a surface in the flow 
field and requires the nondimensional wall y+ as described by equation 10 to be between 1 and 3 
to capture this gradient accurately, using the k-Ɛ turbulence model. For the flow velocity and 
kinematic viscosity used in these simulations, a first-cell height of 4.0e-6 produces a wall y+ of 1. 
The total boundary layer height for the longest chord length in these flow conditions was calculated 
using equation 11 and found to be 0.024 meters, so the total prism layer height was set to be 3.0e-
3 meters in order to resolve a smooth transition between the boundary layer and freestream. 20 
prism layers were used to resolve the boundary layer velocity profile with the distribution being 
automatically determined by STAR CCM+ based on the first-cell height and the prism layer total 
thickness. 
 
Figure 3.14: Near-wing Cell Aspect Ratio 
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Wall y+: 𝑦+ =
𝑢∗𝑦
𝜈
 10 
Boundary Layer Height: 𝜎 = 0.37𝑥/𝑅𝑒𝑥
1/5 11 
Initially, the domain was arbitrarily extended 100 chord lengths away from the wing in all 
directions to minimize the influence of the flow from the wing on the boundaries of the domain. 
Based on the fluid velocity in the domain as seen in Figure 3.15, there were no flow effects near 
any of the boundaries in the domain. From here, the domain was decreased 75 chords, 50 chords, 
and 25 chords lengths in all directions in an attempt to decrease the total number of cells used in 
the simulation. In addition, the base size was varied between 10 meters, 7.5 meters, 5 meters, and 
2.5 meters to determine the effect of finer and coarser base sizes on grid convergence. 
 
Figure 3.15: Flow Velocity for Base Domain Size 
Based upon initial simulations, the turbulence dissipation rate for the 10-meter base sizes 
did not converge, causing the rest of the simulation to diverge. This could be due to having too low 
of an aspect ratio for the surface cells on the wing: although it is generally fine to have lower aspect 
ratio cells on the surface since there is little variation across the surface in the boundary layer, the 
trailing edges may be too skewed to properly resolve the boundary layer and turbulence dissipation 
rates at these cells. 
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The 2.5-meter meshes contained 28 million cells, which required more internal memory 
than what was available for the computer that was used to analyze these simulations. In order to 
obtain a finer mesh without exceeding computer memory limits, a base size of 3 meters was used 
in place of 2.5 meters for the different domain sizes. However, like with the 10-meter base size 
meshes, the turbulent dissipation rate for all of the 3-meter base size meshes diverged as well. It is 
uncertain why a finer mesh would diverge while a coarser mesh like the 7.5-meter and 5-meter base 
size meshes would converge, but this pattern was seen for all the domain sizes tested. As such, only 
the 7.5-meter and 5-meter base sizes were analyzed for this mesh refinement study. 
Table 3.4 shows the cell count for the different domain sizes and base sizes. These values 
are important since they are proportional to how much memory each simulation requires, as well 
as the run times required to reach convergence. For a given base size, the total cell count is 
consistent among all domain sizes and seems to increase with decreasing domain size, which is the 
opposite of what is expected since smaller domains usually mean fewer cells are needed to fill in 
the mesh. One reason this may happen is because the automated mesh function inserted more cells 
between the wake refinement and the domain boundaries in order to satisfy the domain wall 
boundary conditions. It should be noted that the 100-chord domain size did not include wake 
refinement, but the total cell count should be proportional to the other domain sizes since the wake 
area is consistent between all domain sizes. In addition, the 5-meter base size for the 25-chord 
domain did not converge, so the 25-chord domain cannot be used for this study.  
Table 3.4: Total Cell Count 
 100 Chords 75 Chords 50 Chords 25 Chords 
7.5 m Base Size 3.77 million 3.88 million 4.01 million 3.99 million 
5 m Base Size 7.19 million 7.96 million 7.78 million 7.79 million 
 
Since the cell count is consistent between the domain sizes, only the base sizes for 100 
chords and 50 chords cases were analyzed for convergence. All simulations converged within 400 
iterations, but the 50-chord domain size had higher residuals on average than the 100-chord domain 
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size. While residuals by themselves are not a valid indicator of convergence, they are important for 
determining the accuracy of the results, where lower residuals equate to more accurate results since 
there is less change in the solution of the governing system of equations per iteration. Figures 3.16 
and 3.17 depict the residuals for the 5-meter 100-chord domain and the 5-meter 50-chord domain. 
The continuity residual refers to the conservation of mass equation within the fluid domain while 
momentum residuals refer to the conservation of momentum equations for three-dimensional flow 
[28]. Tke and Tdr are the turbulence kinetic energy and dissipation rate respectively and are specific 
to the equations used to model turbulent flow in the k-Ɛ turbulence model. Not only are the residuals 
lower in the 100-chord domain, but they also have lower fluctuations compared to the 50-chord 
domain. Fluctuations in the residuals are usually caused by interactions with the domain boundaries, 
so it follows that the residuals would fluctuate less with the larger domain. 
 
Figure 3.16: 5 m Base Size, 100-Chord Length Domain Residuals 
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Figure 3.17: 5 m Base Size, 50-Chord Length Domain Residuals 
There is a 2.36% difference between the highest and smallest values for lift and 3.07% 
difference between highest and lowest values for drag as seen in Tables 3.5a and 3.5b. This 
difference is caused by the lack of wake refinement for the 100-chord size domain. However, even 
without the wake refinement, there was less uncertainty in the residuals for the 100-chord domain, 
which means that adding the wake refinement to these meshes should produce results with lower 
residuals. As such, the 100-chord domain size with 7.5 m base size was used for all RANS 
simulations for this study, with additional refinement added when necessary to assist in simulation 
convergence, specifically around the leading edge to better resolve the wing curvature and in the 
wake region to better model turbulence dissipation. 
Table 3.5a: Domain Size Lift Comparison 
 
100 
Chords 
50 Chords 
7.5 m Base 
Size 
6.68e-2 6.68e-2 
5 m Base Size 6.77e-2 6.61e-2 
 
Table 3.5b: Domain Size Drag Comparison 
 
100 
Chords 
50 Chords 
7.5 m Base 
Size 
9.76e-3 9.76e-3 
5 m Base Size 9.47e-3 9.46e-3 
 
 
3.5 Comparison of Methods 
The purpose for using RANS is to validate VLM calculations is to determine where the 
results from VLM cease to produce realistic answers for aerodynamic forces. VLM is a linear 
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method, which means that it is only useful for small angles of attack that stay within the linear part 
of a wing’s lift curve. This means that VLM will assume a wing’s lift slope is still linear at high 
angles of attack where in reality the wing would have a nonlinear lift curve. Based on Theory of 
Wing Sections, symmetric airfoils tend to have nonlinear lift curves at around 10° angle of attack, 
with stall occurring around 15° [24]. As will be discussed in the results chapter, the wing in the 
high-g condition produced an angle of attack 11°, meaning that it is possible that the lift curve for 
this wing may be nonlinear at this condition. Since VLM cannot accurately predict aerodynamic 
forces in the nonlinear portion of a wing’s lift slope, it was necessary to validate whether the lift 
slope calculated in VLM truly is linear by using the higher-fidelity RANS method.
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Chapter 4 
RESULTS 
 
4.1 RANS Validation of VLM Results 
Since VLM requires two different methods to obtain induced and parasitic drag separately, 
it became necessary to compare these values to the total drag obtained from RANS to ensure that 
these two separate methods were valid. In order to compare these methods separately, the total drag 
in RANS was separated into induced and parasitic drag. A range of angles of attack from 0° to 10° 
was tested to obtain an overall view of the behavior. 
4.1.1 Lift Validation 
As shown in Figure 4.1, there is no discernable difference between lift calculated in VLM 
for all tested angles of attack. These angles of attack lie on the linear portion of the wing’s lift curve, 
which is why the results from VLM and RANS match. This is important because the wing needed 
an angle of attack of 0.65° to produce enough lift to fly at the low g flight condition, while the high 
g flight condition required 11° angle of attack. 
 
Figure 4.1: VLM Versus RANS Lift Comparison 
35 
 
4.1.2 Drag Validation 
VLM requires separate calculation for induced and parasitic drag, whereas RANS 
calculated total drag as a combination of pressure and viscous forces on the wing. To determine the 
accuracy of induced and parasitic drag from VLM separately, the total drag calculated from RANS 
was divided into induced and parasitic drag then directly compared to VLM results. 
4.1.2.1 Induced Drag Validation 
In Figure 4.2, the induced drag in VLM and RANS follow a parabolic trend. However, 
VLM overpredicts induced drag above an angle of attack of 4°. This may be due to the effect of 
Trefftz plane placement in RANS, as the calculated induced drag decreases as Trefftz plane 
distance from the wing increases.  
 
Figure 4.2: VLM Versus RANS Induced Drag Comparison 
4.1.2.2 Parasitic Drag Validation 
As shown in Figure 4.3, VLM underpredicts parasitic drag for all angles of attack, and this 
difference in drag increases as angle of attack increases. This may be due to the way turbulence is 
modeled in VLM and RANS. For this study, VLM used the eN method for calculating boundary 
layer transition while RANS used the k-Ɛ turbulence model for a fully turbulent flow field. The eN 
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method is a lower order method suitable for simple two-dimensional flows but cannot be adapted 
to more complex three-dimensional flows [21], whereas the k-Ɛ turbulence model is more suited 
for complex three-dimensional flows, so long as there are no strong pressure gradients [29]. The 
inability for the eN transition model to calculate complex flow limits its accuracy for determining 
viscous forces due to turbulence, hence its underpredicting of parasitic drag compared to RANS. 
 
Figure 4.3: VLM Versus RANS Parasitic Drag Comparison 
4.1.2.3 Total Drag Validation 
As shown in Figure 4.4, VLM underpredicts the total drag compared to RANS for all angles 
of attack. Even though VLM overpredicts induced drag for higher angles of attack, the effect of 
underpredicting parasitic drag decreases the value of total drag for these angles. However, the trend 
between VLM and RANS is the same, following a parabolic increase in drag with increasing angle 
of attack. These tendencies are adequate for making design decisions for winglets based solely on 
VLM results, however the absolute values being predicted may be dubious since they do not match 
with the results from RANS. In order to obtain an accurate value for drag, a more robust and higher-
fidelity method like RANS or experimental wind tunnel or flight testing should be used. 
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Figure 4.4: VLM Versus RANS Total Drag Comparison 
4.2 Winglet Camber Analysis 
With VLM validated against RANS, the next step of this study was to analyze the effect of 
cambered winglets on the aerodynamic forces produced by this wing. VLM allows for easy 
manipulation of flap hinge location and deflection, so it was used to obtain these forces. To better 
understand the overall effect of winglet camber changes on the aerodynamic forces produced by 
the entire wing, the behavior for winglets with a hinge at 50% chord and deflected +5° and -5° was 
compared to a winglet with no flap deflection for a range of angles of attack and CL. The low g 
steady level flight at 200 knots CL of 0.1191 and the high 8g turn at 200 knots CL of 0.9634 are 
denoted in the following figures. 
4.2.1 Camber Effects on Airfoil Drag 
Figures 4.5 and 4.6 show the change in airfoil parasitic drag versus angle of attack for the 
airfoil at the base of the winglet and the top of the winglet, respectively, with the effective angle of 
attack for each airfoil at the low g condition being denoted as circles on the respective lines. 
Changing the flap deflection has the effect of shifting the drag polar for these airfoils. It is possible 
for -5° to produce less parasitic drag than the other configurations for both the top and bottom 
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winglet airfoils if the effective angle of attack of these airfoils is greater than 0°. However, the 
effective angle of attack for these airfoils at the low g condition is around -2°, where a negative 
flap deflection increases the parasitic drag compared to no flap deflection. Conversely, a positive 
flap deflection results in less parasitic drag for this condition. 
 
Figure 4.5: Winglet Base Airfoil Parasitic Drag Polar 
 
Figure 4.6: Winglet Top Airfoil Parasitic Drag Polar 
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4.2.2 Camber Effects on Wing Induced Drag 
The effect of flap deflection on induced drag for the entire wing was less pronounced than 
their effect on parasitic drag, so the induced drag for winglet configurations were compared against 
the winglets with no camber as a percentual, as shown in Figure 4.7. The positive winglet flap 
deflection produced a 20% increase in induced drag for the low g flight condition over a winglet 
with no flap deflection. However, the induced drag at the high g flight condition shows a 1% 
decrease in induced drag, meaning that the winglet with +5° of flap deflection is more efficient at 
this condition than the winglet with no flap deflection. The -5° winglet deflection produced 10% 
increase in induced drag at the low lift condition, while at the high g condition, the negative flap 
deflection produced a 1.3% increase in drag.  
 
Figure 4.7: Effect of Winglet Flap Deflection on Induced Drag 
4.2.3 Camber Effects on Wing Total Drag 
These results from the induced drag comparison are replicated in the total drag comparison 
for the winglet configurations as shown in Figure 4.8. Both winglet flap deflections produced 1.2% 
more drag than the winglet with no flap deflection at the low g condition. It is clear that a negative 
flap deflection produces an increase in drag while the positive flap deflection produced a decrease 
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in drag for most of the range of lift compared to no flap deflection. The discrepancy between the 
1% decrease in induced drag and 0.65% decrease in total drag for the +5° flap deflection at the high 
g condition comes from the increase in parasitic drag at this condition, however the reduction in 
induced drag was enough to provide a net benefit for this configuration. The effect of the winglet 
flap deflections on efficiency is shown in Figure 4.9, where no flap deflection produced the highest 
efficiency for the low g condition and +5° flap deflection produced the highest efficiency for the 
high g condition. 
 
Figure 4.8: Effect of Winglet Flap Deflection on Total Drag 
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Figure 4.9: Effect of Winglet Flap Deflection on Efficiency 
4.3 8g Turn Efficiency 
The effect of changing hinge locations and flap deflections for the high lift condition is 
shown in Figure 4.10, where the percentual difference in efficiency for each configuration is 
compared to the winglet with no deflection. It should be noted that adding a winglet increases 
efficiency by 10% compared to a wing with no winglet. The x-axis represents winglet flap 
deflection in degrees and the y-axis represents the change in wing efficiency compared to a wing 
with no winglet. Adding camber increases efficiency for positive deflections while removing 
camber with negative deflections decreases efficiency. Furthermore, there is a more pronounced 
change in efficiency the closer the hinge is moved to the leading edge of the winglet. Based on 
these results, it is better to add some positive deflection to the winglet since this will produce more 
than the 10% gain in efficiency that the original winglet produces. Since there is an upward trend 
in efficiency with flap deflection, a larger deflection than 5° should produce even higher 
efficiencies. 
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Figure 4.10: Effect of Winglet Camber at High g Turn 
 A detailed investigation of the winglets’ effect on the entire wing’s lift and drag 
distribution was carried out on the 50% chord hinge location for the +5° and -5° flap deflections 
to explain why positive flap deflections may benefit efficiency at high g conditions over negative 
or no flap deflection. Based on the wing’s lift distribution as seen in Figure 4.11, the positive 
winglet deflection provides more lift towards the end of the winglet as opposed to the other 
configurations, up to 4% near the end of the span. This is accompanied by an increase in induced 
drag towards the wing tip, but less induced drag in the main span of the wing for this 
configuration as shown in Figure 4.12. This decrease in drag is related to the lower angle of 
attack needed for the entire wing with the positive winglet deflection, since more of the load for 
producing the CL of 0.9634 required to fly at this condition is distributed to the winglet. The 
negative winglet deflection on the other hand produced less induced drag and lift at the wing tips 
but more induced drag towards the wing root, which indicates a higher wing angle of attack due 
to less load carried at the wingtips. 
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Figure 4.11: Effect of Winglet Flap Deflection on Lift Distribution, High g Condition 
 
Figure 4.12: Effect of Winglet Flap Deflection on Induced Drag Distribution, High g Condition 
It can be seen in Figure 4.13 that the parasitic drag for the positive flap deflection is higher 
than the other configurations, while the negative flap deflection produces the least parasitic drag. 
The overall effect this has on total drag is not as large as induced drag, however, as the trend for 
total drag more closely follows that of induced drag as seen in Figure 4.14, as the scale in magnitude 
for parasitic drag is 20% of the magnitude of induced drag. 
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Figure 4.13: Effect of Winglet Flap Deflection on Parasitic Drag Distribution, High g Condition 
 
Figure 4.14: Effect of Winglet Flap Deflection on Total Drag Distribution, High g Condition 
 These figures showed that lift is proportional to drag but increasing winglet camber 
provides a larger increase in lift proportional to the increase in drag since the positive deflection 
improved efficiency over a non-deflected winglet. The overall gain or loss in efficiency due to 
winglet deflection for this condition is ranges between -1.2% and 0.7% for negative and positive 
deflection respectively; while these values are small, any improvement in efficiency can make the 
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difference for an air race where a fraction of a second can determine whether an aircraft wins or 
loses the race. 
4.4 Steady Level Flight Efficiency 
The percentual differences for different winglet configurations for the low g condition is 
shown in Figure 4.15. An important note is that adding any winglet reduces the wing efficiency 
compared to a wing with no winglet due to the additional parasitic drag caused by the increased 
wetted area of the winglet and the low importance of induced drag for this flight condition. 
Deflecting the winglet flap by any amount in either direction decreased wing efficiency compared 
to a winglet with no flap deflection and moving the flap hinge towards the leading edge of the 
winglet amplifies the flap’s effect on efficiency.  
 
Figure 4.15: Effect of Winglet Camber at Low g Steady Level Flight 
This decrease in efficiency for any flap deflection at the low g flight condition can be 
explained by the spanwise drag production of the wing compared to its lift. Figure 4.16 and Figure 
4.17 shows the effect of the winglets on the wing’s lift distribution and corresponding induced drag 
distribution for the low g flight condition. Positive flap deflections provide more lift at the winglets, 
increasing the induced drag produced over a winglet with no flap deflection. Conversely, negative 
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flap deflections decrease the loading and the induced drag of the winglets. It should be noted that 
any winglet deflection does not produce a noticeable change in lift or induced drag for the main 
span of the wing compared to winglet loading. 
 
Figure 4.16: Effect of Winglet Flap Deflection on Lift Distribution, Low g Condition 
 
Figure 4.17: Effect of Winglet Flap Deflection on Induced Drag Distribution, Low g Condition 
 Although the induced drag changes proportionally with lift, the parasitic drag always 
increases with winglet flap deflection for this condition as shown in Figure 4.18. The discontinuity 
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in airfoil curvature caused by the hinge and flap deflection causes an increase in parasitic drag for 
any deflection, with negative deflections causing a larger increase in drag than positive deflections. 
It can be seen that at the base and top of the winglet, the +5° flap deflection produces less parasitic 
drag than the winglet with no flap deflection, as referenced earlier by Figures 4.5 and 4.6. However, 
this deflection still produces more parasitic drag over the rest of the winglet span. This increase in 
parasitic drag for both positive and negative deflections is much larger in magnitude than induced 
drag and causes the total drag to increase over the winglet with no deflections, as shown in Figure 
4.19. 
 
Figure 4.18: Effect of Winglet Flap Deflection on Parasitic Drag Distribution, Low g Condition 
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Figure 4.19: Effect of Winglet Flap Deflection on Total Drag Distribution, Low g Condition 
 Unlike the high g condition, a negative winglet deflection produces a decrease in lift but 
an increase in total drag compared to a non-deflected winglet, which has the effect of decreasing 
efficiency. The positive deflection shows an increase in both lift and drag, but the drag increased 
more than the lift to create a lower efficiency. The behavior of these configurations shows that the 
most efficient winglet configuration is the base winglet with no flap deflection.
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Chapter 5 
CONCLUSION 
 
A numerical study of the effect of changing winglet camber on the efficiency for an 
acrobatic race plane wing was performed using a low-fidelity vortex lattice method. This method 
was validated against a high-fidelity Reynolds Averaged Navier-Stokes computational fluid 
dynamics method to determine where the limitations of VLM prevented computation of accurate 
results. It was found that VLM can produce accurate results for lower lift conditions, but the drag 
results of VLM increasingly diverged from RANS drag calculations with increasing CL. However, 
VLM can be used to quickly test many configurations and optimize a winglet design, from which 
a wind tunnel model or flight test apparatus can be built to obtain values for efficiency that more 
reflect the flight conditions seen in reality. 
Based on VLM results of the two flight regimes tested, a low g steady level flight condition 
at 200 knots and an 8g turn at 200 knots, it was shown that positive winglet flap deflections can 
increase the wing efficiency at the high g condition. For the low g flight condition, it was 
determined that any deflection in the winglet flap produced more drag, and thus decrease efficiency. 
Therefore, the most efficient winglet configuration would be the winglet with no flap deflection for 
this high-speed condition. 
In the context of an acrobatic race plane flying through a circuit, the winglets on this plane 
should be configured to have no change in camber during steady level flight, and introduce positive 
deflection during high g maneuvers to increase efficiency over an aircraft with static winglets. 
Although the increase in efficiency that the adaptive camber winglets can offer may be less than 
1%, this may provide the edge needed to win a race, where lap times can differ by milliseconds and 
small mistakes and gains can mean the difference between first and second place.
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Chapter 6 
FUTURE WORK 
 
 Since the increase in parasitic drag due to the plain flap deflection decreased efficiency for 
the high speed condition, it is of interest to perform the same analysis on the same wing used in 
this study, but for a flap with no discontinuity in winglet camber curvature. A study using a smooth 
transition in camber curvature for the winglet would determine if a more complex change in 
geometry can produce higher efficiencies for this high-speed condition. 
Due to the lack of agreement between RANS and VLM drag results for the high g condition, 
wind tunnel or flight testing should be performed with this adaptive camber winglet at this condition 
to provide another source of validation, where the results will determine which of the two numerical 
methods used in this study is more accurate to reality.  
 Numerical analysis for adaptive camber winglets on a fully modelled aircraft should be 
attempted to determine the winglets’ effect on aircraft efficiency and interaction with the entire 
body of the aircraft. The ability for VLM to model an aircraft fuselage is limited [17], but RANS 
or other high-fidelity methods involving domain discretization like large eddy simulation or direct 
numerical simulation can be used to model and analyze complex geometry. 
 The winglet used in this study was optimized for high-speed flight, as evidenced by the 
configuration with no flap deflection producing the highest efficiency. As such, it may be of interest 
to perform the same type of analysis seen in this study on a winglet designed for a different 
condition.
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APPENDIX 
 
Table A1: Airfoil Coordinates 
Wing Root Wingtip Winglet Base Winglet Top 
1.00000     0.00000 
 0.99431     0.00098 
 0.98567     0.00244 
 0.97696     0.00393 
 0.96818     0.00536 
 0.95937     0.00671 
 0.95046     0.00797 
 0.94131     0.00920 
 0.93188     0.01041 
 0.92209     0.01162 
 0.91195     0.01283 
 0.90151     0.01405 
 0.89082     0.01526 
 0.87983     0.01647 
 0.86845     0.01769 
 0.85656     0.01890 
 0.84412     0.02013 
 0.83120     0.02140 
 0.81787     0.02268 
 0.80417     0.02397 
 0.79018     0.02526 
 0.77596     0.02654 
 0.76154     0.02784 
 0.74700     0.02913 
 0.73236     0.03039 
 0.71763     0.03165 
 0.70285     0.03291 
 0.68808     0.03418 
 0.67332     0.03544 
 0.65857     0.03669 
 0.64379     0.03797 
 0.62897     0.03925 
 0.61410     0.04057 
 0.59918     0.04189 
 0.58424     0.04324 
 0.56926     0.04461 
 0.55425     0.04599 
 0.53921     0.04740 
 0.52417     0.04881 
 0.50912     0.05023 
 0.49406     0.05167 
 0.47901     0.05312 
 0.46397     0.05456 
 0.44897     0.05600 
1.00000     0.00000 
 0.99501     0.00093 
 0.98713     0.00239 
 0.97880     0.00393 
 0.97004     0.00545 
 0.96087     0.00687 
 0.95131     0.00821 
 0.94140     0.00948 
 0.93119     0.01069 
 0.92073     0.01185 
 0.91003     0.01297 
 0.89908     0.01406 
 0.88788     0.01511 
 0.87647     0.01612 
 0.86491     0.01710 
 0.85317     0.01804 
 0.84127     0.01897 
 0.82917     0.01986 
 0.81683     0.02074 
 0.80431     0.02159 
 0.79163     0.02241 
 0.77884     0.02322 
 0.76600     0.02401 
 0.75313     0.02478 
 0.74028     0.02553 
 0.72747     0.02625 
 0.71473     0.02694 
 0.70210     0.02762 
 0.68967     0.02833 
 0.67724     0.02921 
 0.66459     0.03011 
 0.65178     0.03102 
 0.63887     0.03195 
 0.62586     0.03290 
 0.61277     0.03386 
 0.59964     0.03483 
 0.58649     0.03581 
 0.57331     0.03681 
 0.56013     0.03782 
 0.54695     0.03884 
 0.53378     0.03986 
 0.52064     0.04088 
 0.50755     0.04192 
 0.49446     0.04296 
1.00000     0.00000 
 0.99630     0.00073 
 0.98978     0.00203 
 0.98187     0.00361 
 0.97277     0.00544 
 0.96303     0.00741 
 0.95306     0.00941 
 0.94294     0.01148 
 0.93276     0.01354 
 0.92253     0.01563 
 0.91228     0.01774 
 0.90204     0.01986 
 0.89180     0.02200 
 0.88158     0.02413 
 0.87151     0.02626 
 0.86144     0.02833 
 0.85130     0.03041 
 0.84116     0.03249 
 0.83104     0.03453 
 0.82098     0.03655 
 0.81097     0.03854 
 0.80095     0.04051 
 0.79086     0.04249 
 0.78066     0.04445 
 0.77041     0.04643 
 0.76015     0.04838 
 0.74991     0.05028 
 0.73966     0.05218 
 0.72941     0.05405 
 0.71923     0.05588 
 0.70913     0.05767 
 0.69902     0.05940 
 0.68892     0.06114 
 0.67889     0.06282 
 0.66883     0.06448 
 0.65878     0.06609 
 0.64876     0.06765 
 0.63862     0.06919 
 0.62847     0.07071 
 0.61835     0.07216 
 0.60820     0.07354 
 0.59801     0.07487 
 0.58781     0.07615 
 0.57765     0.07738 
1.00000     0.00000 
 0.99653     0.00055 
 0.98977     0.00164 
 0.98085     0.00311 
 0.97133     0.00467 
 0.96181     0.00626 
 0.95218     0.00786 
 0.94238     0.00952 
 0.93257     0.01117 
 0.92282     0.01281 
 0.91308     0.01448 
 0.90337     0.01614 
 0.89371     0.01779 
 0.88402     0.01942 
 0.87433     0.02103 
 0.86459     0.02265 
 0.85482     0.02425 
 0.84509     0.02584 
 0.83531     0.02740 
 0.82549     0.02898 
 0.81572     0.03053 
 0.80593     0.03205 
 0.79621     0.03357 
 0.78646     0.03505 
 0.77687     0.03648 
 0.76742     0.03791 
 0.75779     0.03929 
 0.74823     0.04070 
 0.73873     0.04203 
 0.72914     0.04337 
 0.71937     0.04469 
 0.70974     0.04599 
 0.70024     0.04722 
 0.69071     0.04843 
 0.68101     0.04963 
 0.67121     0.05079 
 0.66147     0.05189 
 0.65167     0.05298 
 0.64184     0.05405 
 0.63210     0.05505 
 0.62230     0.05599 
 0.61251     0.05689 
 0.60271     0.05776 
 0.59284     0.05860 
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 0.43401     0.05745 
 0.41912     0.05887 
 0.40428     0.06028 
 0.38954     0.06167 
 0.37490     0.06302 
 0.36039     0.06434 
 0.34604     0.06561 
 0.33185     0.06682 
 0.31783     0.06795 
 0.30400     0.06902 
 0.29039     0.06999 
 0.27699     0.07087 
 0.26382     0.07166 
 0.25093     0.07235 
 0.23832     0.07292 
 0.22604     0.07339 
 0.21410     0.07376 
 0.20255     0.07401 
 0.19143     0.07415 
 0.18073     0.07416 
 0.17047     0.07407 
 0.16069     0.07387 
 0.15138     0.07356 
 0.14252     0.07315 
 0.13412     0.07263 
 0.12618     0.07201 
 0.11865     0.07129 
 0.11153     0.07049 
 0.10479     0.06962 
 0.09842     0.06869 
 0.09240     0.06770 
 0.08670     0.06666 
 0.08132     0.06557 
 0.07623     0.06442 
 0.07141     0.06323 
 0.06684     0.06199 
 0.06252     0.06069 
 0.05842     0.05935 
 0.05453     0.05796 
 0.05084     0.05654 
 0.04734     0.05506 
 0.04402     0.05353 
 0.04088     0.05196 
 0.03789     0.05035 
 0.03505     0.04870 
 0.03237     0.04703 
 0.02983     0.04532 
 0.02742     0.04358 
 0.02515     0.04182 
 0.02299     0.04005 
 0.02096     0.03826 
 0.48138     0.04400 
 0.46831     0.04504 
 0.45523     0.04609 
 0.44215     0.04714 
 0.42910     0.04818 
 0.41607     0.04920 
 0.40304     0.05024 
 0.38999     0.05126 
 0.37698     0.05226 
 0.36400     0.05325 
 0.35107     0.05420 
 0.33818     0.05512 
 0.32534     0.05601 
 0.31258     0.05685 
 0.29990     0.05765 
 0.28732     0.05838 
 0.27480     0.05905 
 0.26239     0.05966 
 0.25008     0.06019 
 0.23789     0.06066 
 0.22583     0.06104 
 0.21394     0.06135 
 0.20225     0.06156 
 0.19078     0.06168 
 0.17957     0.06169 
 0.16865     0.06160 
 0.15806     0.06141 
 0.14785     0.06109 
 0.13802     0.06066 
 0.12862     0.06012 
 0.11967     0.05947 
 0.11119     0.05871 
 0.10317     0.05786 
 0.09564     0.05694 
 0.08858     0.05594 
 0.08199     0.05487 
 0.07584     0.05375 
 0.07011     0.05256 
 0.06477     0.05132 
 0.05978     0.05004 
 0.05514     0.04871 
 0.05081     0.04733 
 0.04678     0.04591 
 0.04300     0.04445 
 0.03948     0.04296 
 0.03618     0.04143 
 0.03310     0.03988 
 0.03021     0.03831 
 0.02752     0.03672 
 0.02499     0.03511 
 0.02263     0.03349 
 0.56757     0.07853 
 0.55746     0.07959 
 0.54735     0.08061 
 0.53732     0.08157 
 0.52736     0.08247 
 0.51725     0.08329 
 0.50704     0.08405 
 0.49678     0.08478 
 0.48655     0.08545 
 0.47638     0.08606 
 0.46623     0.08658 
 0.45593     0.08703 
 0.44562     0.08747 
 0.43548     0.08786 
 0.42554     0.08815 
 0.41558     0.08828 
 0.40545     0.08835 
 0.39523     0.08838 
 0.38488     0.08844 
 0.37461     0.08851 
 0.36445     0.08852 
 0.35455     0.08844 
 0.34454     0.08820 
 0.33436     0.08790 
 0.32414     0.08757 
 0.31401     0.08721 
 0.30388     0.08675 
 0.29368     0.08621 
 0.28343     0.08563 
 0.27327     0.08500 
 0.26320     0.08429 
 0.25310     0.08349 
 0.24293     0.08262 
 0.23285     0.08171 
 0.22287     0.08070 
 0.21287     0.07960 
 0.20287     0.07843 
 0.19297     0.07717 
 0.18313     0.07582 
 0.17327     0.07436 
 0.16343     0.07282 
 0.15379     0.07121 
 0.14425     0.06946 
 0.13471     0.06758 
 0.12524     0.06560 
 0.11596     0.06351 
 0.10681     0.06127 
 0.09776     0.05890 
 0.08888     0.05638 
 0.08014     0.05370 
 0.07162     0.05089 
 0.58318     0.05937 
 0.57344     0.06011 
 0.56363     0.06082 
 0.55371     0.06149 
 0.54388     0.06213 
 0.53402     0.06270 
 0.52409     0.06326 
 0.51419     0.06379 
 0.50440     0.06428 
 0.49457     0.06469 
 0.48472     0.06506 
 0.47492     0.06533 
 0.46504     0.06557 
 0.45530     0.06585 
 0.44556     0.06611 
 0.43576     0.06637 
 0.42590     0.06658 
 0.41611     0.06672 
 0.40638     0.06676 
 0.39645     0.06677 
 0.38647     0.06679 
 0.37665     0.06678 
 0.36694     0.06668 
 0.35709     0.06657 
 0.34722     0.06640 
 0.33734     0.06618 
 0.32750     0.06596 
 0.31776     0.06570 
 0.30792     0.06536 
 0.29800     0.06497 
 0.28811     0.06454 
 0.27823     0.06406 
 0.26838     0.06354 
 0.25852     0.06295 
 0.24865     0.06232 
 0.23881     0.06164 
 0.22900     0.06090 
 0.21921     0.06009 
 0.20943     0.05920 
 0.19965     0.05825 
 0.18984     0.05722 
 0.18008     0.05614 
 0.17041     0.05497 
 0.16077     0.05370 
 0.15108     0.05232 
 0.14140     0.05086 
 0.13181     0.04931 
 0.12231     0.04765 
 0.11284     0.04585 
 0.10335     0.04391 
 0.09394     0.04186 
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 0.01903     0.03646 
 0.01721     0.03466 
 0.01549     0.03286 
 0.01387     0.03106 
 0.01234     0.02926 
 0.01091     0.02746 
 0.00957     0.02567 
 0.00831     0.02388 
 0.00715     0.02209 
 0.00607     0.02031 
 0.00509     0.01853 
 0.00419     0.01676 
 0.00339     0.01499 
 0.00266     0.01324 
 0.00203     0.01149 
 0.00148     0.00974 
 0.00101     0.00801 
 0.00063     0.00630 
 0.00035     0.00461 
 0.00014     0.00295 
 0.00003     0.00130 
 0.00000    -0.00032 
 0.00006    -0.00194 
 0.00021    -0.00357 
 0.00044    -0.00520 
 0.00075    -0.00686 
 0.00114    -0.00854 
 0.00163    -0.01025 
 0.00220    -0.01199 
 0.00286    -0.01374 
 0.00361    -0.01551 
 0.00445    -0.01729 
 0.00538    -0.01907 
 0.00639    -0.02084 
 0.00749    -0.02263 
 0.00868    -0.02441 
 0.00996    -0.02620 
 0.01133    -0.02800 
 0.01279    -0.02980 
 0.01435    -0.03160 
 0.01600    -0.03340 
 0.01775    -0.03520 
 0.01961    -0.03700 
 0.02157    -0.03880 
 0.02364    -0.04058 
 0.02583    -0.04236 
 0.02814    -0.04412 
 0.03059    -0.04585 
 0.03318    -0.04754 
 0.03591    -0.04921 
 0.03879    -0.05084 
 0.02042     0.03187 
 0.01834     0.03025 
 0.01641     0.02864 
 0.01460     0.02703 
 0.01291     0.02543 
 0.01133     0.02383 
 0.00986     0.02225 
 0.00850     0.02067 
 0.00724     0.01910 
 0.00608     0.01753 
 0.00502     0.01597 
 0.00407     0.01440 
 0.00323     0.01284 
 0.00248     0.01129 
 0.00184     0.00974 
 0.00129     0.00821 
 0.00084     0.00670 
 0.00049     0.00521 
 0.00023     0.00374 
 0.00007     0.00230 
-0.00000     0.00088 
 0.00002    -0.00053 
 0.00014    -0.00192 
 0.00035    -0.00331 
 0.00064    -0.00470 
 0.00103    -0.00609 
 0.00150    -0.00749 
 0.00205    -0.00890 
 0.00270    -0.01033 
 0.00345    -0.01178 
 0.00429    -0.01325 
 0.00523    -0.01475 
 0.00628    -0.01628 
 0.00745    -0.01784 
 0.00873    -0.01943 
 0.01014    -0.02104 
 0.01165    -0.02266 
 0.01327    -0.02429 
 0.01501    -0.02591 
 0.01686    -0.02752 
 0.01882    -0.02913 
 0.02091    -0.03074 
 0.02314    -0.03235 
 0.02553    -0.03397 
 0.02808    -0.03558 
 0.03081    -0.03718 
 0.03373    -0.03875 
 0.03685    -0.04030 
 0.04019    -0.04181 
 0.04377    -0.04330 
 0.04759    -0.04475 
 0.06338     0.04795 
 0.05547     0.04488 
 0.04792     0.04167 
 0.04078     0.03835 
 0.03413     0.03497 
 0.02818     0.03167 
 0.02300     0.02849 
 0.01853     0.02544 
 0.01471     0.02261 
 0.01151     0.02005 
 0.00886     0.01775 
 0.00671     0.01560 
 0.00499     0.01358 
 0.00361     0.01165 
 0.00250     0.00984 
 0.00163     0.00815 
 0.00096     0.00660 
 0.00046     0.00518 
 0.00012     0.00387 
-0.00009     0.00267 
-0.00016     0.00158 
-0.00010     0.00058 
 0.00009    -0.00034 
 0.00040    -0.00116 
 0.00084    -0.00192 
 0.00139    -0.00262 
 0.00205    -0.00326 
 0.00282    -0.00385 
 0.00372    -0.00440 
 0.00474    -0.00491 
 0.00590    -0.00538 
 0.00720    -0.00582 
 0.00868    -0.00623 
 0.01036    -0.00661 
 0.01228    -0.00697 
 0.01452    -0.00731 
 0.01718    -0.00764 
 0.02044    -0.00800 
 0.02455    -0.00845 
 0.02959    -0.00914 
 0.03508    -0.00995 
 0.04102    -0.01065 
 0.04816    -0.01126 
 0.05672    -0.01187 
 0.06580    -0.01240 
 0.07513    -0.01281 
 0.08490    -0.01308 
 0.09495    -0.01330 
 0.10494    -0.01344 
 0.11502    -0.01348 
 0.12525    -0.01347 
 0.08467     0.03966 
 0.07548     0.03729 
 0.06638     0.03474 
 0.05743     0.03199 
 0.04863     0.02904 
 0.03979     0.02578 
 0.03168     0.02241 
 0.02480     0.01921 
 0.01772     0.01549 
 0.01118     0.01134 
 0.00694     0.00820 
 0.00470     0.00633 
 0.00319     0.00491 
 0.00210     0.00374 
 0.00129     0.00273 
 0.00070     0.00183 
 0.00029     0.00103 
 0.00006     0.00031 
-0.00003    -0.00035 
 0.00003    -0.00096 
 0.00022    -0.00152 
 0.00053    -0.00205 
 0.00094    -0.00255 
 0.00147    -0.00302 
 0.00211    -0.00347 
 0.00286    -0.00390 
 0.00373    -0.00431 
 0.00473    -0.00471 
 0.00587    -0.00510 
 0.00717    -0.00547 
 0.00867    -0.00584 
 0.01039    -0.00621 
 0.01242    -0.00658 
 0.01488    -0.00696 
 0.01803    -0.00738 
 0.02256    -0.00790 
 0.03056    -0.00876 
 0.03833    -0.00964 
 0.04660    -0.01037 
 0.05567    -0.01095 
 0.06555    -0.01147 
 0.07527    -0.01188 
 0.08497    -0.01220 
 0.09477    -0.01242 
 0.10462    -0.01256 
 0.11452    -0.01266 
 0.12444    -0.01272 
 0.13434    -0.01274 
 0.14421    -0.01271 
 0.15414    -0.01264 
 0.16413    -0.01259 
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 0.04183    -0.05244 
 0.04503    -0.05400 
 0.04840    -0.05552 
 0.05196    -0.05698 
 0.05571    -0.05840 
 0.05966    -0.05977 
 0.06383    -0.06110 
 0.06823    -0.06238 
 0.07287    -0.06360 
 0.07778    -0.06478 
 0.08296    -0.06591 
 0.08844    -0.06699 
 0.09423    -0.06802 
 0.10036    -0.06898 
 0.10684    -0.06990 
 0.11370    -0.07075 
 0.12095    -0.07152 
 0.12860    -0.07222 
 0.13669    -0.07280 
 0.14523    -0.07329 
 0.15423    -0.07367 
 0.16369    -0.07395 
 0.17362    -0.07411 
 0.18401    -0.07417 
 0.19484    -0.07412 
 0.20610    -0.07394 
 0.21779    -0.07365 
 0.22984    -0.07326 
 0.24223    -0.07276 
 0.25492    -0.07214 
 0.26790    -0.07142 
 0.28115    -0.07061 
 0.29461    -0.06970 
 0.30830    -0.06869 
 0.32219    -0.06760 
 0.33627    -0.06645 
 0.35052    -0.06522 
 0.36493    -0.06394 
 0.37947    -0.06261 
 0.39415    -0.06123 
 0.40895    -0.05984 
 0.42381    -0.05843 
 0.43874    -0.05699 
 0.45372    -0.05554 
 0.46875    -0.05410 
 0.48380    -0.05266 
 0.49885    -0.05121 
 0.51389    -0.04978 
 0.52892    -0.04836 
 0.54394    -0.04695 
 0.55896    -0.04555 
 0.05168    -0.04617 
 0.05607    -0.04754 
 0.06078    -0.04886 
 0.06583    -0.05014 
 0.07125    -0.05138 
 0.07707    -0.05256 
 0.08331    -0.05369 
 0.08999    -0.05475 
 0.09715    -0.05574 
 0.10478    -0.05666 
 0.11289    -0.05750 
 0.12147    -0.05825 
 0.13051    -0.05889 
 0.14000    -0.05942 
 0.14992    -0.05984 
 0.16022    -0.06015 
 0.17087    -0.06034 
 0.18186    -0.06042 
 0.19313    -0.06041 
 0.20464    -0.06029 
 0.21638    -0.06007 
 0.22832    -0.05977 
 0.24040    -0.05939 
 0.25262    -0.05892 
 0.26496    -0.05839 
 0.27740    -0.05779 
 0.28994    -0.05713 
 0.30254    -0.05640 
 0.31526    -0.05561 
 0.32805    -0.05478 
 0.34092    -0.05390 
 0.35385    -0.05299 
 0.36684    -0.05204 
 0.37990    -0.05107 
 0.39300    -0.05008 
 0.40616    -0.04906 
 0.41934    -0.04804 
 0.43255    -0.04701 
 0.44577    -0.04598 
 0.45898    -0.04494 
 0.47218    -0.04390 
 0.48536    -0.04288 
 0.49850    -0.04185 
 0.51160    -0.04083 
 0.52469    -0.03983 
 0.53776    -0.03882 
 0.55083    -0.03783 
 0.56392    -0.03684 
 0.57702    -0.03586 
 0.59014    -0.03489 
 0.60324    -0.03394 
 0.13555    -0.01347 
 0.14582    -0.01345 
 0.15605    -0.01336 
 0.16639    -0.01320 
 0.17684    -0.01301 
 0.18734    -0.01280 
 0.19783    -0.01257 
 0.20832    -0.01231 
 0.21886    -0.01203 
 0.22941    -0.01175 
 0.23995    -0.01145 
 0.25049    -0.01114 
 0.26103    -0.01082 
 0.27156    -0.01050 
 0.28211    -0.01017 
 0.29261    -0.00982 
 0.30306    -0.00946 
 0.31346    -0.00911 
 0.32374    -0.00875 
 0.33399    -0.00840 
 0.34430    -0.00805 
 0.35458    -0.00771 
 0.36485    -0.00735 
 0.37523    -0.00699 
 0.38567    -0.00663 
 0.39616    -0.00627 
 0.40659    -0.00590 
 0.41696    -0.00553 
 0.42732    -0.00516 
 0.43772    -0.00480 
 0.44819    -0.00442 
 0.45865    -0.00404 
 0.46896    -0.00365 
 0.47909    -0.00327 
 0.48913    -0.00289 
 0.49915    -0.00252 
 0.50922    -0.00214 
 0.51941    -0.00176 
 0.52977    -0.00137 
 0.54017    -0.00098 
 0.55049    -0.00060 
 0.56079    -0.00021 
 0.57109     0.00017 
 0.58131     0.00055 
 0.59146     0.00091 
 0.60169     0.00128 
 0.61207     0.00164 
 0.62251     0.00201 
 0.63302     0.00238 
 0.64355     0.00275 
 0.65405     0.00310 
 0.17410    -0.01253 
 0.18397    -0.01244 
 0.19387    -0.01230 
 0.20384    -0.01213 
 0.21380    -0.01194 
 0.22377    -0.01174 
 0.23374    -0.01154 
 0.24369    -0.01134 
 0.25366    -0.01111 
 0.26363    -0.01087 
 0.27359    -0.01062 
 0.28353    -0.01037 
 0.29346    -0.01013 
 0.30339    -0.00987 
 0.31334    -0.00961 
 0.32330    -0.00936 
 0.33319    -0.00911 
 0.34291    -0.00882 
 0.35261    -0.00856 
 0.36247    -0.00826 
 0.37219    -0.00800 
 0.38183    -0.00771 
 0.39147    -0.00745 
 0.40121    -0.00717 
 0.41108    -0.00689 
 0.42094    -0.00663 
 0.43062    -0.00634 
 0.44023    -0.00609 
 0.44982    -0.00581 
 0.45942    -0.00554 
 0.46903    -0.00528 
 0.47863    -0.00500 
 0.48823    -0.00472 
 0.49789    -0.00447 
 0.50774    -0.00416 
 0.51748    -0.00390 
 0.52713    -0.00361 
 0.53683    -0.00335 
 0.54669    -0.00305 
 0.55644    -0.00279 
 0.56629    -0.00249 
 0.57625    -0.00219 
 0.58619    -0.00189 
 0.59596    -0.00161 
 0.60576    -0.00133 
 0.61557    -0.00104 
 0.62521    -0.00077 
 0.63481    -0.00051 
 0.64441    -0.00022 
 0.65403     0.00004 
 0.66375     0.00031 
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 0.57397    -0.04416 
 0.58899    -0.04281 
 0.60403    -0.04146 
 0.61908    -0.04013 
 0.63411    -0.03880 
 0.64913    -0.03750 
 0.66415    -0.03621 
 0.67916    -0.03494 
 0.69413    -0.03367 
 0.70906    -0.03239 
 0.72393    -0.03112 
 0.73872    -0.02984 
 0.75339    -0.02856 
 0.76791    -0.02727 
 0.78229    -0.02597 
 0.79646    -0.02468 
 0.81038    -0.02339 
 0.82400    -0.02210 
 0.83725    -0.02081 
 0.85007    -0.01955 
 0.86238    -0.01831 
 0.87412    -0.01708 
 0.88536    -0.01586 
 0.89626    -0.01465 
 0.90695    -0.01342 
 0.91751    -0.01218 
 0.92791    -0.01091 
 0.93811    -0.00961 
 0.94805    -0.00829 
 0.95775    -0.00693 
 0.96722    -0.00551 
 0.97646    -0.00400 
 0.98548    -0.00247 
 0.99429    -0.00098 
 1.00000     0.00000 
 0.61630    -0.03299 
 0.62930    -0.03206 
 0.64221    -0.03114 
 0.65501    -0.03025 
 0.66768    -0.02937 
 0.68015    -0.02850 
 0.69239    -0.02767 
 0.70469    -0.02702 
 0.71722    -0.02636 
 0.72992    -0.02568 
 0.74269    -0.02498 
 0.75550    -0.02425 
 0.76831    -0.02350 
 0.78108    -0.02273 
 0.79376    -0.02194 
 0.80630    -0.02114 
 0.81863    -0.02032 
 0.83071    -0.01948 
 0.84247    -0.01862 
 0.85402    -0.01775 
 0.86544    -0.01684 
 0.87669    -0.01590 
 0.88785    -0.01493 
 0.89892    -0.01391 
 0.90980    -0.01285 
 0.92044    -0.01175 
 0.93088    -0.01061 
 0.94112    -0.00942 
 0.95109    -0.00816 
 0.96070    -0.00683 
 0.96992    -0.00542 
 0.97872    -0.00391 
 0.98709    -0.00237 
 0.99501    -0.00093 
 1.00000     0.00000 
 0.66455     0.00343 
 0.67503     0.00376 
 0.68550     0.00408 
 0.69588     0.00437 
 0.70626     0.00466 
 0.71668     0.00494 
 0.72706     0.00520 
 0.73731     0.00545 
 0.74747     0.00566 
 0.75756     0.00584 
 0.76769     0.00603 
 0.77797     0.00620 
 0.78829     0.00634 
 0.79870     0.00644 
 0.80913     0.00652 
 0.81957     0.00656 
 0.82996     0.00660 
 0.84032     0.00661 
 0.85061     0.00658 
 0.86096     0.00651 
 0.87131     0.00638 
 0.88169     0.00623 
 0.89189     0.00607 
 0.90207     0.00582 
 0.91231     0.00552 
 0.92258     0.00517 
 0.93274     0.00478 
 0.94291     0.00430 
 0.95301     0.00377 
 0.96286     0.00319 
 0.97242     0.00253 
 0.98139     0.00183 
 0.98943     0.00112 
 0.99620     0.00042 
 1.00000     0.00000 
 0.67362     0.00057 
 0.68339     0.00084 
 0.69317     0.00111 
 0.70310     0.00137 
 0.71291     0.00161 
 0.72261     0.00186 
 0.73225     0.00207 
 0.74197     0.00232 
 0.75185     0.00253 
 0.76164     0.00275 
 0.77152     0.00292 
 0.78144     0.00311 
 0.79136     0.00329 
 0.80126     0.00345 
 0.81113     0.00359 
 0.82087     0.00372 
 0.83068     0.00382 
 0.84059     0.00392 
 0.85046     0.00397 
 0.86040     0.00400 
 0.87026     0.00402 
 0.88011     0.00401 
 0.88994     0.00397 
 0.89981     0.00387 
 0.90968     0.00377 
 0.91954     0.00364 
 0.92928     0.00343 
 0.93899     0.00318 
 0.94869     0.00288 
 0.95859     0.00251 
 0.96841     0.00210 
 0.97809     0.00161 
 0.98763     0.00098 
 0.99612     0.00032 
 1.00000     0.00000 
 
